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Introduction
Fractional calculus has been sued in many application fields [1, 2, 3] , and fractional differential equations can be successfully used to model many phenomena in various fields such as continuum and statistical mechanics [4] , fractional dynamics [5] , viscoelastic damped systems [6] , circuit model [7] , fractional order electro-magneto-thermo-elasticity theory [8] , quantitative finance [9] and fractional-nonlinear macroeconomic dynamic model [10] . In recent years, fractional differential equations have attracted extensive attention in various fields of science and engineering.
Fractional derivatives are non-local as opposed to the local behavior of integer derivatives. Therefore, different challenges appear when we try to derive numerical methods for this type of equations. Various types of Numerical methods have been develop rapidly over the last few decades, such as the finite difference methods [11, 12, 13, 14] , the finite element methods [15, 16] , and the spectral methods [17, 18] . The finite difference method is one of the earliest and the most effective numerical method for fractional differential equations. For Riemann-Liouville fractional derivatives, some numerical methods were derived according to the Grunwald-Letnikov derivative, some methods were obtained by suing the numerical integration formula [11] . Diethelm [19, 20] proposed a technique for establishing fractional order differential numerical approximation method, in which Riemann-Liouville fractional derivatives were converted to the Hadamard finite-part integral, and then the composite integration rule was used to the integral.
In this paper, we propose a high accurate algorithm for the Riemann-Liouville fractional derivatives, and apply it for solving the fractional ordinary differential equation.
Construction of the Difference Scheme for Reimann-Liouville Fractional Derivative
In this section, we present a high order numerical approximation scheme for Riemann-Liouville fractional derivative.
The Riemann-Liouville fractional derivative of order  is defined by
, then Riemann-Liouville fractional derivative can be written the Hadamard finite-part integral
2) It can be clearly seen that in order to obtain the numerical scheme of the derivative (1), we should to derive the approximate scheme of the integral (2).
Let us denote ( (3) and the integral in (2) can be rewritten as
(4) where ( )
  .
Next we consider the numerical approximation of the integral
Let the mesh points
, where the uniform stepsize
In each subinterval ] ,
, we compute the right hand side of (6) by approximating ) ( g with a
Then we have the approximate calculation formulas of the integral (5) as 
The local truncation error of the approximation (10) is Generally,
Therefore, the calculation formula (10) can be written as 
. From formulas (2), (10) and (11), we get the backward difference approximation of Riemann-Liouville fractional derivative , where h is the uniform step-size, we can also rewrite formula (13) as
and called formula (14) as D2 algorithm of the Riemann-Liouville fractional derivative. The truncation error of the numerical method is 
Numerical Analysis for Riemann-Liouville Fractional Differential Equation
We consider the following initial value problem involving a Riemann-Liouville fractional derivative
We use the presented D2 scheme to approximate the fractional derivative of the problem (17) . Let the mesh points ,
is the uniform step. Using formula (14) to discretize the fractional derivative given in table 2. G1 scheme is Grunwald-Letnikov approximate formulas, D1 scheme is a linear interpolation formula [19] , and the scheme form Ref [22] is second order numerical approximate formulas based on Lagrange interpolation. It can be seen that, our algorithm has the advantage of fast convergence speed and high precision. 
Conclusions
In this work, we have presented a high order numerical algorithm for the Riemann-Liouville fractional derivative, and indicated that the local truncation error of the numerical method satisfy . Compared with some schemes, our scheme has the advantage of fast convergence speed and high precision.
